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SUMMARY

Thermo-mechanico-clectromagnetic coupled waves propagating in a linear isotropic thermo-elastic dielectric
material are theoretically investigated, in case an external magnetic field is applied to the material. Here the
constitutive equations derived from the Clausius-Duhem inequality and Vernotte’s heat conduction law
are adopted. There are three types of coupled waves: the predominantly electromagnetic wave, the pre-
dominantly mechanical transverse wave and the predominantly thermo-mechanical longitudinal wave. The
first and second waves have no thermal coupling. The third wave has thermal coupling and its propagation
velocity and attenuation constant are perturbed by the external magnetic field.

1. Introduction

For a polarizable, non-conducting, non-magnetic, deformable elastic dielectric, Toupin [1]
proposed a remarkable dynamic phenomenological theory, and derived a unified mathe-
matical theory of the piezoelectric, photoelastic properties, the Faraday effect, and magneto-
elastic dragging of the elastic dielectric material. Basing on Toupin’s theory, McCarthy [2]
and McCarthy and Green [3] analysed the propagation and growth of plane acceleration
waves in a hyperelastic dielectric material in an external magnetic field. Tokuoka and
Kobayashi [4] investigated the mechanico-electromagnetic coupled wave in a linear iso-
tropic elastic dielectric material, where the suppressed magnetic field was assumed to have
any direction relative to the propagation direction.

On the other hand, thermal effects on elastic waves have been studied widely. Among
the numerous literature, Thurston [5] discussed in detail plane harmonic waves propagating
in an elastic conductor of heat, where the Fourier’s law:

g=—xgrad T (1.1)

was employed, where ¢ is the heat flux, « is the conductivity. As a consequence of it, the
temperature field is governed by a parabolic equation and then a thermal disturbance
propagates with an infinite velocity. In order to remedy this unpleasant feature, Vernotte
[6] proposed a modified Fourier’s law:

1
i=——(g+xgrd), (1.2)
T
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where the superposed dot denotes the material time derivative and 7 is a relaxation time.
Making use of the modified law Tokuoka [7, 8] investigated the propagation and growth
of plane acceleration waves in an isotropic linear thermo-elastic material. It was shown
that there exist two purely mechanical shear waves with a velocity vg and two thermo-
longitudinal waves with velocities vy :

v =of[1 + 3B+ v — D £ {(B> + v — 1> + 4}, (1.3)
and a damping constant v¢ given by
lis {(vr/on)? — 132
VL = 2 e 2 P (14)
2 (vr/o)’y + {(vr/o)® — 137]
where

2 A4 2u\t
(2. ne(252)

denote, respectively, the purely mechanical transverse and longitudinal wave velocities and

K B+ 2u)%a’T,

= , 7= : 1.6a,b
(4 + 2p)eyt ’ p(A + 2p)ey (1.62, )

I');Z

are dimensionless material constants, where A and p are the Lamé elastic constants, « is the
coefficient of thermal expansion, cy is the specific heat at constant volume and p is the
density. _

This paper has two purposes, one is to investigate the propagation of plane infinitesimal
thermo-mechanico-electromagnetic coupled waves in a linear isotropic thermo-elastic di-
electric material, and the other is to reveal the effects of an external magnetic field on
thermo-acoustical waves.

2. Basic equations

The electromagnetic field in polarizable, non-conducting, non-magnetic, deformable media
is governed by the following system of equations:

dB .
e + curl E =0, divB =0, (2.1a)
oD .
curl H — e 0, divD=0 (2.1b)
with
H=yu;'B+ixP, D=¢gE+P. (2.2)

The vectors E, B, D, H and P are the electric field, magnetic flux density, electric flux
density, magnetic field and polarization, respectively. x is the position vector of the particle.
The fundamental constants p, and g, are related to the speed of light in vacuum by
Logo = ¢~ 2. In addition to (2.1), let us assume an equation of molecular equilibrium:

€+ LE=0, (2.3)
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which was introduced by Toupin [9], where  E is the local field and
§=E+XxB (2.4)

is the effective field intensity.
The conservation laws of mass and linear momentum are expressed as

ap .

— 4+ (pxh); =0, 2.5
5+ (PxD), 2.5)
p¥' = o'l + 1, 2.6)

where o'/, 1 are, respectively, symmetric Cauchy stress and body force per unit mass.
Here and henceforth, a rectangular Cartesian coordinate system is employed, and a
comma followed by a suffix denotes the partial derivative with respect to a coordinate.
Now we consider the body force originating in the electric polarization, that is,

f=—(divP)é + P x B, @
where

» 0P . ,

P= rr + x div P + curl(P x %) (2.8)

is the convected time derivative of P. The balance law of energy for a dielectric material
in the absence of free charge, current, magnetization and heat supply is given by

p + Tn) = O'Jlsz + P'¢; — q,ii, (2.9)

where ¥ and n are the specific Helmholtz free energy and entropy, respectively [10]. In
order to complete the field equations, the heat conduction law (1.2) must be assumed.

Now consider waves propagating in a thermo-elastic dielectric in an external constant
magnetic field B,. Then we can put

E=e, B=B,+b P=p, x=u (2.10a, b, ¢, d)

where e, b, p and u denote the wave fields and the suffix zero denotes a quantity evaluated
in equilibrium. The wave fields are assumed to be weak and the dimensionless temperature
0 = (T — Ty)/T, to be small and then the second and higher order terms of them and their
derivatives may be neglected.

Let us take the constitutive assumptions:

¥ = Ym0, ), 635 = 615(8ums 0, P, (2.11a, b)
N = &m0, 00, 1€ = L8(&m» 0, P1), (2.11c, d)

where &, = (U, + Uy, )/2 is the infinitesimal strain tensor, and let us consider the
Clausius-Duhem inequality:

1,1
pmmz— T q;+ ",f’z'qlT,i (2.12)
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which must be satisfied for all admissible processes [11] and is reduced to
pW +nT) —o;x] + e'p; + T q¢T,<0. (2.13)

From (2.11a) and (2.13) we can conclude that

oy 1 & oy
Oes; , K= - ?o— 20 e = —p ﬁ’ (2.14a, b, ¢)

4T <0. (2.15)

o =p

The free energy may be approximated by the quadratic form:
pYr = JCHmg e + Cle, 0 + 5CO* + Sie;,p* + S,00° + x5 'p'P, (2.16)

where CH*™, C¥, C, S, S;and x;;" are material constants and have the following symmetry
relations:

Ciikm — cikm _ cijmk Ckmij, Cci = Cji, (2.17a, b)

SY = Si, T = X (2.17¢, d)
Substituting (2.16) into (2.14), we have

¢ = Clmg,  + CY0 + Sipt, (2.18)

n= - (Cijgij + CO + S;p), (2.19)

T,

— 18 = Si"um + x5 D’ + Sib. (2.20)
Since we assume an isotropic material, we have

CHrm = J5H5%m + pu(5%6I™ 4+ 55T, (2.21a)

CY = —p(3A + 2uaT,67 = — A6Y, (2.21b)

C = —peyTy, (2.21c)

Si=8;,=0, (2.21d)

Xi;l = (8ox)” " 91ps - (2.21g)

where y is the polarizability constant and 4 is the thermo-elastic coupling constant.
3. Plane harmonic waves and propagation condition

Let us consider a plane harmonic wave with attenuation constant g, wave number £,
frequency w and propagation direction n, that is,
F = Fexp(I'n-x — iwt), (3.1
I'=a+ik (3.2)

where F stands for the small deviation fields u;, e;, b;, pi, ¢; and 8, F denotes the corre-
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sponding complex amplitude and a is related to the damping constant v defined by Tokuoka
[7] through a = —v/(vr). Now assume

which means that the attenuation of wave amplitude is negligibly small within a propagation
distance compared to a wave-length. Refer to Thurston [5].
From (1.2), (2.1), (2.3), (2.6) and (3.1) we have

— pod?iiy = {pii; + (A + pun 3% — iwe;;,p'BE — pAI'nd, (3.4

¢ — io(@i x Bo) — (1)~ ' =0, (3.5

r -

—(n x b) + iwege + iwp = 0, (3.6)

Ho

I'(n x & — iob =0, 3.7

n(gé+p)=0 nb=0, (3.82,b)
1 _

—ing = — —(§ + kTyl'nb), 39
T

where e;;, is a permutation tensor. From (2.14), (2.19) and (2.21) the energy equation (2.9)
gives
I'mq =iopATn-u + iopcyT,0. (3.10)
Let us assume that the wave propagates alongt he x;-axis and the magnetic field has an
arbitrary direction specified by direction cosines (I, /,, /5). Then we have

n=(0,0,1), By =(Bol,Boly Bols). (3.11a, b)
By (3.6), (3.7) and (3.11a), we obtain
i y? ) p2 1
T (eo<N2 VP v T ) 12
b= <~ NZVZ - D2 NV P 0), (3.13)
g0(N? — V?) go0(N? — V?)

where v = w/k is the wave velocity, V = v/c is the dimensionless velocity and N =
= (—il'/k) = 1 — i(a/k). The electromagnetic field deviations (3.12) and (3.13) satisfy the
relation (3.8) identically. From (3.4), (3.9) and (3.11) we have in case of v # vgand v # v

_ iB, v . - _ iBg V2 _ ~
u= ( oo VZ— VSZ_N_Z (P2l — P3lo), _IE m— (P3ly — Pils),
iB, %4 _ - iA V2 _
pw VE_VEN? (Pily — P21y) + P WNB), (3.14)

where V5 = vg/c and Vi = v /c, and

_ (KTo/T)N —
q= (0, 0, T G 6). (3.15)

Journal of Engineering Math., Vol. 10 (1976) 95-105



100 M. Saito and T. Tokuoka

In the last section the uncoupled waves with velocities vg and vy, will be discussed.

Eliminating &, # and § in (3.5) and (3.10) by (3.12), (3.14) and (3.15), we can obtain a
set of linear homogeneous equations with respect to the polarization amplitude p and the
dimensionless temperature amplitude 8,

Q4 hp=0 (3.16)

where p is a four-dimensional vector with components (p,, P, P3, f) and the symmetric
4 x 4 matrix Q(V?2, 1) is given after some lengthy manipulations as follows:

(1+V2-N?2  Al3V? . Al}V? ALLYV?
N2-y? VEN2-V?  V2N?>—p? VEN:—V?
(1+0V2=N*  Al}v? AlEV?

+ +
N2_y? VZNZ—V2 " YANI_V?

Al V? - ALV N
e P Bw VENT—V2
ALLYV? y Al v? N
VN2 V2 P2 B VEN? V2
A3+ 12V ’
a4+ —_ 0
{( X - VENT— 72
pA kT, i\~ pA? 1%
Ty——2(1+—) N+ —— = N?
B {pcv ot ( +m)> v VANT-V?
(3.17)
where
BZ
4 = X0 (3.18)
p

is a dimensionless quantity depending on the material constants and the suppressed mag-
netic intensity.

* For a wave to exist, the amplitude p must not be a null vector and then from (3.16) we
have the propagation condition:

detQ(V3, 1) = 0, (3.19)

which gives, in general, six propagation velocities for a given direction of the external
magnetic field. Substituting a solution V2 of (3.19) into (3.16) we have an amplitude p.
The ratio of the amplitude can be given by the ratio of the cofactor with respect to any
row elements of Q, that is,

DPy:Pr:iPs:0= Qn : Qrzl : QrzS : Qrz4 3.20)
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for any « = 1, 2, 3, 4, where Qaﬂ indicates a cofactor of an element Q,,. By substitution
of (3.20) into (3.12), (3.13) and (3.14), we can obtain the ratios of the amplitudes of e,
b and .

In practice 4 is a very small quantity, e.g., it is approximately 10~° for B, = 10* Gauss,
¥ = 10and p = 8 x 10® Kg/m>. Thus we may suppose that, while waves in a non-vanishing
magnetic field must be, in general, thermo-mechanico-electromagnetic coupled waves, they
consist of the predominantly electromagnetic waves, the predominantly mechanical trans-
verse waves and the predominantly thermo-mechanical longitudinal waves, and their propa-
gation velocities deviate from the values of c/\/ 1 +y, vs and vy about O(4) in the first
approximation.

To begin with, let us consider the predominantly electromagnetic waves. The small
quantities ¥ and ¥ can be neglected in comparison with V2, the (1.4) and (2.4) elements
of Q@ become O(1/c), and the (4.4) element becomes pAcyT,/B% + O(1/c*). Thus the thermo-
elastic coupling constant 4 has no effect on the propagation condition. In other words, the
predominantly electromagnetic waves suffer no thermal influence in our approximation,
and so the propagation condition is reduced to the one treated by Tokuoka and Kobayashi
[4] and the attenuation constant a vanishes.

In the case of predominantly mechanical transverse waves, V2 can be considered to be a
small quantity and we can estimate that V¢ — V2 ~ O(4). Then the (1.4), (2.4) and (4.4)
elements of @ become of higher order than the other elements, The thermo-elastic coupling
constant 4, therefore, does not appear in the propagation condition, and the predominantly
mechanical transverse waves do not suffer any thermal effect within the assumed approxi-
mation.

For the discussion of the predominantly electromagnetic waves and the predominantly
mechanical transverse waves, we refer to Tokuoka and Kobayashi [4].

4. Predominantly thermo-mechanical longitudinal waves

In the case of no electromagnetic effect, the propagation condition (3.19) gives

TORLLLY CRNRLIN BN AR 4.1
eyTo — — = 0. .
Pevio = 73 0 v VEN? -~ V2 ' “D

Then, if there is an electromagnetic effect, the left-hand side of (4.1) can be estimated to
be O(4). So we have the propagation condition as follows:

o) + 0(4)  O(A) 0(4) 0(4)
o) + 0(4)  O(4) 0(4)

0(1) + O(4) O(4)

0(4%)

=0. (4.2)

If we retain the second-order terms of 4 and neglect the third- and higher-order terms
in the determinant (4.2) and also neglect V* in comparison with V2, we obtain the complex
propagation condition:

Journal of Engineering Math., Vol. 10 (1976) 95-105



102 M. Saito and T. Tokuoka

‘ i kT,
{pchO (1 + ——) - 20 NZ}(va2 — p?)?

Tw T

+ pA>N? (1 + L) (DEN? — 0% + A% + 1D} =0, 4.3)
T

where the relations v = ¢V and v = ¢V have been used.
The real part of (4.3) gives

T
(pcho -5 )(vi — o) + p Ao} — 0 + AR + B)?} = 0 (4.4)

vZ

in virtue of the basic assumption (3.3). Then we have

4 : 2 2 2
<_v_) —(1+p*+ ‘}’)<~v—> + g - y(-v—-) A + l%)—gz/vi— =0, 4.5)

v oL v 1 — (v/vp)*

where % and y were defined in (1.6). Equation (4.5) may be reduced to the equation derived
by Tokuoka and Kobayashi [4] when 4 is equal to zero. The solutions of (4.5) are

_ [ (vrfvL) AU+ D)y jr
v=op |l 2 Y
’ 1= (op/o)® {(B* +y = 1)* + 49}*

within the first order of 4, where vy denotes the velocity of the pure thermo-longitudinal
wave and is given by (1.3), and the double signs in (4.6) and (1.3) must be taken in the same
order. The second term in the bracket in the right hand side of (4.6) represents the effects
of the external magnetic field.

Now consider the imaginary part of (4.3). Using the assumption (3.3), we obtain

T, A + By* vE xT,
2a I:2vf<pcho - ETO) + pA? {1 + ( 2 2 + = } - wzo (v} - UZ):I
v

4.6

vf — v* vf —v?
pevTy  , L pd* A(T +19)
= @2 - v?) + - 1+ S € 4.7
L

which gives the attenuation constant:

1 (e -1p

w2 (vfo)*ly + {(o/o)? — 1}7]

24(13 + 13)y (vfvr)?
! ’ 4.8
< ] @8)

within the first order of 4. When the external mégnetic field vanishes, we have the attenu-
ation constant for thermo-acoustical waves obtained by Tokuoka [7]:

2 4.9)
TvTL

ar, =

The effects of the external magnetic field appear in (4.8) not only through the perturbed
term but also through the velocity relation (4.6).
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From (4.6) and (4.8) we can say that the influence of the external magnetic field on the
propagation velocities and the attenuation constant of thermo-acoustical waves is determined
by (I3 + 12) which is the square of the component of the projection of the vector I on the plane
normal to the propagation direction.

When the suppressed magnetic field is parallel to the propagation direction, i.c.,
I, =1,=0and I3 =1, we have

U= Ury, a=arg. (4.103., b)

This means that the thermo-acoustical waves may propagate without being influenced by
the electromagnetic field if the direction of the external magnetic field coincides with the
wave propagation direction.

The ratios of amplitudes can be obtained easily. From (3.20) we have to the first order of 4

P1:P,:P3:8=0:0:0:1. 4.11)

In order words, the polarization amplitude p is of higher order than the dimensionless
temperature amplitude 8. Similarly we have

, % = 0(4). (4.12)

|
Q:ll al

Substituting (4.11) into (3.14), we have

£

2

= 0(A) (4.13)

Q;ll =
S

and by assumption (3.3)
o) ~1 4 0

@)? o (—iods)” (4.14)

which is identical with the amplitude ratio given by Tokuoka [7] for thermo-acoustical waves
except that » in (4.14) is not vy, but is given by (4.6).

Then we can say that within the order A4 (i) electromagnetic fields over the constant external
magnetic field are not induced by the propagation of the predominantly thermo-mechanical
longitudinal waves and (ii) the suppressed magnetic field influences the ratio of the amplitude
only through the change of the propagation velocity.

5. Uncoupled waves

In Sec. 3 we assumed that v # vg and v # v,. Here we discuss the possibility of existence
of waves having the propagation velocities v and v;.
Let us consider the case of v = vg and ¢ = 0. From (3.4) we have

Dals — Psl, =0, p3ly —pil5 =0, (5.1a, b, ¢}

———Uus + (P1ly — Poly) + — 0 =0,

2 2 . .
v — Vs _ iB,y id
F pw Vg
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Eliminating 4 from (3.9) and (3.10), we obtain

kT, ) i ~ . i -
—_ pUS 1 + e CVTO 0 = 10 1 + — pAUSu3. (5.2)
T T T )

Substituting (3.12) into (3.5) we have

ipw Ipw
- pl - p Al3ﬁ2 + p Alzl—l:; = 0,
BO 0
ipw Ipm
— 5 + 22 ara, - 22 ana, = o, (5.3a, b, c)
0 0
ipw ipw
— 1+ 9ps ~P2 g, + 22 s, = 0.
BO ‘BO

Then we can easily conclude that a wave with amplitude

i#0, ;=0 p=0 6=0 (5.4)
may exist, if and only if

i, =111, [L1=0. (5.5

In the case of v = vy, and @ = 0, we can conclude by a similar argument that a wave with
amplitude

i, #0, u,=u,=0, p=0, 0=0 (5.6)
may exist, if and only if
L=1,=0, 4=0. 5.7

Thus we can say that (i) if the suppressed magnetic field is perpendicular to the propagation
direction, purely mechanical transverse waves exist, where the wave oscillates along the
magnetic field and (ii) the purely mechanical longitudinal wave can not exist unless the thermo-
elastic coupling constant vanishes even if the suppressed magnetic field is parallel to the
propagation direction.
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